Big-Step Structural Operational
Semantics (Big-Step SOS)

Gilles Kahn (1987), under the name natural semantics
Also known as relational semantics, or evaluation semantics

One can regard a big-step SOS as a recursive interpreter,
telling for a fragment of code and state what it evaluates to

Configuration: tuple containing code and semantic ingredients
Eg., (ar,0) (ay+as.o) (i1) (i1 +5.02) (o)
Sequent: Pair of configurations, to be derived or proved

E.g., ((11‘ (T) U (31) ((11 + a9, (T} U ('?'.-1 + 1t '?'.-2)
Rule: Tells how to derive a sequent from others

(ar,o) || (i1) (ag, ) || (i2)

((11 + 19, r_}') U (El + 710t 32)

E.g.,




Big-Step SOS of IMP - Arithmetic

(i.0) || {7) State (BIGSTEP-INT)

/ lookup

(r,0) || (a(x)) (BIGSTEP-LOOKUP)

(ar,0) I {i1)  (ag,0) | (i2)

(‘511 + (IQ?O-> U (il + Int ?:2>

(BI¢STEP-ADD)

(a1,0) | {i1)  (ag,0) |l (i2)

(a1 / ao,0) | (i1 [1 i2) where i9 # 0 (BIGSTEP-DIV)




Big-Step SOS of IMP - Boolean
N

(t.a) | (t) (BieSTEP-BOOL)
(ar.0) | (i1)  (a2,0) | (i2)
(a1 <= ag,0) | (i1 < i2)

(no(‘f ’li Ll)l J‘(Lt(l%ii)se) (BI¢STEP-NOT-TRUE)

(BIGSTEP-LEQ)

(b.o) || (false)
(not b,o) || (true)

(by.o) || (false)
(by and by, o) || (false) (BIGSTEP-AND-FALSE)

(b1,0) | (true)  (bo,o) || (1)

(by and by, ) || (1) (BIGSTEP-AND-TRUE)

(BIGSTEP-NOT-FALSE)




Big-Step SOS of IMP

- Statements

(BIGSTEP-SKIP)

(skip.a) | {o) State
(a.c) || (i) update
(r:=a,0) | (olifx]

(si.o) {{o1)  (s2.01) | (02)
(s1;80,.0) | (02)

(b,o) || (true)  (s1,0)
(if b then s| else s9,0)

J

J
(b.o) | (false) (s2,0) | (02)

J

(if b then s| else s9,0)

(b,o) | (false)
(while b do s,0) || (o)

(b.o) | (true) (s;while bdo s,0) ] (o')

(while b do s.o0) | (o)

(BIGSTEP-ASGN)

(BI¢STEP-SEQ)

(BIGSTEP-1F-TRUE)

(BIGSTEP-1F-FALSE)

(BIGSTEP-WHILE-FALSE)

(BiaSTEP-WHILE-TRUE)



Big-Step SOS of IMP - Programs

State
initialization

(s,zl — 0) |
)

o
(vars zl ; s) |} (

3T> (BIGSTEP-VARS)

(
J



Big-Step Rule Instances

Rules are schemas, allowing recursively enumerable many
instances; side conditions filter out instances

E.g., these are correct instances of the rule for division

(r,(r > 8,y=0))§(8) (2,(x~8y~0))I(2)
(/2 (x = 8,y = 0)) | (4)

(r,(r > 8y~ 0))§(8) (2,(z~8y~0))I{4)
(/2. (2~ 8,y ~0)) | (2)

The second may look suspicious, but it is not. Normally, one should

never be able to apply it, because one cannot prove its hypotheses

However, the following is not a correct instance (no matter what ? is):

(I (I = 8, Y = U)) U {8} {y. (.I' — 8. iy = O)) U (U‘)
(@/y, (z =8,y 0)) | (7)




Big-Step SOS Derivation

The following is a valid proof derivation, or proof tree, using the
big-step SOS proof system of IMP above.
Suppose that X and Y are identifiers and o(X)=8 and o(y)=0.

(.0} 10} (z.0) | (8)

(y/x.0) | (0) (2,0) || (2)

(z,0) | (8) (y[x+2,0) ] (2)

(v/(yfx+2),0) 1 {4)



Big-Step SOS for Type Systems

Big-Step SOS routinely used to define type systems for
programming languages

The idea is that a fragment of code C, in a given type environment
I', can be assigned a certain type 7. We typically write

I'—c: T

(¢, T) I {7)

Since all variables in IMP have integer type, I can be replaced by
a list of untyped variables in our case. In general, however, a
type environment I contains typed variables, that is, pairs “X 7.

instead of



Typing Arithmetic Expressions
N

zl - i :int (BIGSTEPTYPESYSTEM-INT)

(xl.z,20") +x «int (BIGSTEPTYPESYSTEM-LOOKUP)

rl=ay:wnt ozl as:int

2l - ay + as :int (BIGSTEPTYPESYSTEM-ADD)

ol ay:int zleao:int

wl-ay / ay:int (BIGSTEPTYPESYSTEM-DI1V)



Typing Boolean Expressions
B

zl -1 : bool (BIGSTEPTYPESYSTEM-BOOL)

rl+ay:int zleas:int

2l - ay <= as : bool (BIGSTEPTYPESYSTEM-LEQ)

rl b : bool
2l - not b: bool

(BIGSTEPTYPESYSTEM-NOT)

xl+ by :bool  zl+ by : bool
xl + by and by : bool

(BIGSTEPTYPESYSTEM-AND)



Typing Statements

xl — skip: stmt

(xl, 2, 20") + a :int
(l, z.20") ~ (2 := a) : stmt

i+ sy:stmt xl - s9:stmt
xl 5189 : stmt

xl=b:bool  xlv+ sy:stmt ozl so:stmt
xl+— if b then s else so: stmt
xl+=b:bool  xl+ s:stmt

rl+—while b do s: stmt

(BIGSTEPTYPESYSTEM-SKIP)

(BIGSTEPTYPESYSTEM-ASGN)

(BIGSTEPTYPESYSTEM-SEQ)

(BIGSTEPTYPESYSTEM-IF)

(BIGSTEPTYPESYSTEM-WHILE)



Typing Programs
N

rl— s: stmt

— vars xl; s : pgm (BIGSTEPTYPESYSTEM-VARS)



Big-Step SOS Type Derivation

Like the big-step rules for the concrete semantics of IMP,
the ones for its type system are also rule schemas. We
next show a proof derivation for the well-typeness of an
IMP program that adds all the numbers from 1 to 100:

trees trees
n,s+ (while not(n<=0) do (s:=s+n; n:= n+-1)): stmit

lreeq
n,s+ (n:=100; s:=0; while not(n<=0) do (s:=s+n; n:=n+-1)): stmt

r—(vars n,s; n:=100; s:=0; while not(n<=0) do (s:=s+n; n:=n+—1)):pgﬂ1

where



Big-Step SOS Type Derivation
N

treey

trees

4

n,s+ 100 : int n,s+ 0:wnt

n,s+ (n:=100) : stmt  n,s+ (s:=0) : stmt

n,s+ (n:=100; s:=0): stmt

n,sr+n:int n,s+ 0:wnt

n,s+ (n<=0) : bool

n,s+ (not(n<=0)) : bool



Big-Step SOS Type Derivation
N

trees

*

n,s+s:wmt n,skFn:nt n,skFn:int n,s+-1:int

n,s+ (s+n) : int n,s+ (n+-1):int

n,s+ (s:=s+n): stmt n,s+ (n:= n+-1) : stmt

n,s+ (s:=s+n; n:= n+-1): stmt




Big-Step SOS in Rewriting Logic

Any big-step SOS can be associated a rewrite logic theory (or,
equivalently, a Maude module)

The idea is to associate to each big-step SOS rule

ClR

a rewrite rule

C—s>R if CloR ACo—sRo A ... NC,—>R,

(over-lining means “algebraization”)



Big-Step SOS of IMP in Maude

_
0 See file IMp-semantics-bigstep.maude

1 See file IMp-type-system-bigstep.maude



